[F'(x) + mF(x + ir) dx, F(x) being any periodic differentiable function for which the integrals exist, the period being 27r. If p(x) is a positive function integrable throughout the range (0, 27r) the problem of finding a minimum value for the integral Ur(X)f(r)(X) + Vr(X)f(&)(X + 7) + er(X) PROPERTY II. Corresponding arcs on the circle and angles at the point are in the ratio -2: 1.
Thus to a point in the z-plane corresponds a definite clock in the derivative plane (Kasner clock). To the entire z-plane corresponds a congruence of clocks (which of course reduce to points in the monogenic case). The principal or phase point of each clock corresponds to 0 = 0.
It is shown in this paper that if we add to these two properties a third property, to be stated below, the three together completely characterize the class of element-to-point transformations determined by the first derivatives of polygenic functions. 
where A and B are themselves polygenic functions. Since A = D(w) and B = P(w), and since the operators D and P are evidently commutative with each other, we have P(A) = D(B). PROPERTY III. This is our third property. Geometric interpretations will be given later.
We shall now show that properties I, II and III together characterize completely the class of element-to-point transformations associated with the first derivatives of polygenic functions'. In other words, if we are given an element-to-point transformation having these three properties, there must exist a polygenic function w whose first derivative determines exactly the given transformation.
To this end, consider a general element-to-point transformation 
Finally, let us subject the transformation (5) to the third restriction, namely, P(A) = D(B). The following theorem shows that these three restrictions are sufficient to insure the existence of a polygenic function w whose first derivative determines the transformation (5).
THEOREM. If the element-to-point transformation (3) has properties I, II and III, then a polygenic function w exists (and is determined uniquely, except for an additive complex constant) such that dw/dz = y. Proof. We have already seen that the imposition of properties I and II implies that the transformation (3) has the form (5). Let 
By a familiar theorem on total differentials, (6) determines uniquely, except for an additive real constant, a real function 41'(x, y) such that Ax = K + kandOy = H-h.
Similarly, (7) determines uniquely, except for an additive real constant, a real function q(x, y) such that (py = k-Kand 5px = h + H.
Let w = (p + i4. Evidently, w is determined uniquely, save for an additive complex constant. From (8) and (9), we obtain
(h= ((px-6y) k = +py)
From ( (11) we see that the associated affinity T is. a direct similarity. It is to be noticed that T is not itself given by (11). The equations of T are given by-T(z + A) = ao + ATa + i(o + ATI) .
Once again, let us consider a general element-to-point transformation subjected to restrictions I and II. Such transformations are given by The condition that (12), and hence T itself, be a direct similarity implies equations (6) and (7) It is easily seen that the Kasner circle, mentioned in I, shrinks to a point. Thus II loses its meaning, the derivative clock being merely a point. But III' does not become meaningless. For the associated affinity T reduces to the functional relation between the points of a neighborhood of z and the corresponding values of w'(z). Thus the assertion that T is a direct similarity says exactly that the local correspondence Z -l w'(z) is conformal. This is in accord with the fact that the function w'(z) is now monogenic.
Conclusion.-The derivative of any polygenic function is therefore characterized completely by our three properties: the circle property, the ratio property and the affine-similitude property.
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2E. Kasner, "A New Theory of Polygenic Functions," Science, 66, 581-2 (1927) . "General Theory of Polygenic Functions," these PROCBEDINGS, 13, 75-82 (1928 
